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Interaction-free measurement (IFM), just as its name implies, can enable one to detect an object
without interacting with it, i.e., substantially reducing the damage to the object. With the help
of quantum channel theory , we investigate the general model of “quantum-Zeno-like” IFM, whose
optics setup is a Mach-Zehnder like interferometer utilizing the quantum Zeno effect, where the
object to be detected is semitransparent and the interrogation cycle number N is finite. And we
define two important probabilities Ploss and Perror to evaluate the IFM process, which describe the
photon loss rate and the error of discriminating the presenece/absence of the object respectively.
The minimum values of these two probabilities and the corresponding initial input states to reach
them are attained via this model. And we find that when the interrogation cycle N approaches
infinity, the object can be perfectly detected, where the minimum values of these two probabilities
are both zero and the initial input state to reach them becomes the same state |1〉 in our system. In
addition, we also study whether quantum correlation can benefit IFM or not, but the answer is no,
in the sense that the entangled photon input state cannot minimize Ploss, Perror more than single
photon input state. Our work provides principal theoretic support for the practical realization of
IFM and the employed analysis technique can be applied to other quantum facilitating scenarios.
I. INTRODUCTION
Quantum measurement is a fundamental concept in
the quantum theory. The measurement process extracts
the information stored in the quantum system to the
classical world, where the quantum state is required to
change adaptively based on the measurement outcome.
In fact, the measurement on the target system, say A,
is accomplished indirectly by coupling it to another sys-
tem B and implementing measurement on that system
alternatively. However, even the nonobservance of a par-
ticular result of B would modify the wave function of A,
which is called the “negative result measurement” [1, 2].
Following these former works, Elitzur and Vaidman in-
troduced a “counterfactual” protocol dubbed interaction-
free measurement (IFM) [3]. In this IFM protocol, a pho-
ton is sent to a standard Mach-Zehnder interferometer to
detect an opaque object, where the maximum efficiency
for a successful detection without photon absorption is
50% [3, 4]. However, by a modification on account of
the quantum Zeno effect [5], the efficiency can approach
100% as the interrogation cycle goes to infinity [4, 6].
Interaction-free measurement has been used to de-
tect fragile objects, like single atom [7, 8] or photon-
sensitive substances [9]. And the application to electron
microscopy is also developed [10–12], which should facil-
itate the biological molecules imaging.
Besides the original optical setup [4, 6], there are many
other different schemes proposed [10, 13–15], or realized
[16–18] to achieve “quantum-Zeno-like” IFM. However,
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the physical model behind them is essentially the same;
they all involve utilizing the quantum Zeno effect to keep
the photon state unchanged, in the presence of an object.
Here we consider an optical setup [6] to illustrate the
principle of IFM, as showed in Fig. 1. Let us denote re-
spectively the state |1〉, |2〉, and |3〉 as the representation
for,
up⇔ |1〉, down⇔ |2〉, loss⇔ |3〉 (1)
state of the incident photon. A light-absorbing object
(e.g. a photon-sensitive bomb in [3]) is placed in the
path of the down state photon. And the probability for
this object to appear is denoted by Pr(here) = q.
In fact, in order to describe the incident photon state
transformation when the object is present explicitly, we
mimic the effect of this object with a mirror, followed by
a photon detector [4] (see Fig. 1 for detailed illustration).
A. Interaction-free measurement
Let us consider the essential idea of interaction-free
measurement: first, an incident photon is prepared in
the up path, with a quantum state labeled by |1〉. Then,
the incident photon is rotated by an angle θ through a
beamsplitter,
Rθ |1〉 = cos θ |1〉+ sin θ |2〉 , (2)
where θ = π/2N . Here N will be identified as the total
number of interrogation cycle.
Presence of the object: If there exists an object
along the down path, the photon in the down state |2〉
2will be totally transferred to the loss state |3〉 by the
mirror, i.e.,
UI |2〉 = |3〉 , (3)
where the subscript of UI stands for interaction. Further-
more, when applying it to a quantum superposition, we
have
UI(cos θ |1〉+ sin θ |2〉) = cos θ |1〉+ sin θ |3〉 . (4)
Then followed by the projective measurement M by
the photon detector,
P0 = |1〉 〈1|+ |2〉 〈2| ,
P1 = |3〉 〈3| ,
(5)
the final state in Eq. (4) becomes a mixed state,
cos2 θ |1〉 〈1|+ sin2 θ |3〉 〈3| , (6)
where the probability of the photon traveling along up
path without absorption is given by Pr(|1〉) = cos2 θ.
And the probability of which the photon is transformed
to the loss state |3〉 and absorbed by the detector is
Pr(|3〉) = sin2 θ.
In the probability subspace of P1, the loss state photon
will not participate in the following interrogation cycle,
i.e., the IFM process halts in this case. Consequently,
the probability of finding |1〉 after N cycles equals to
Pr(|1〉) = cos2N (θ). When N approaches infinity, we
have
lim
N→∞
cos2N (θ) = 1. (7)
Therefore, one can find the final state to be |1〉 with
probability 1 without any photon loss, in the presence of
an object.
Absence of object: If there is no object, i.e., the
down state |2〉 will travel straight through without get-
ting absorbed (or reflected by the mirror); the rotation
Rθ is directly applied N times. Thus, the input photon
state |1〉 can be rotated to |2〉 at the end, that is,
(Rθ)
N |1〉 = RNθ |1〉 = |2〉 . (8)
In summary, after N cycles, if we get |1〉, it implies
the existence of the object, while |2〉 implies the absence;
we can therefore unambiguously detect the presence of an
object (because state |1〉 and |2〉 are orthogonal), without
any photon absorption by the object. This is the essential
idea of the interaction-free measurement, based on the
physics of quantum Zeno effect.
B. Finite rounds and imperfect absorption
In practice, there are two problems one should con-
sider, in implementing the interaction-free measurement.
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FIG. 1. The “quantum-Zeno-like” IFM setup. We illustrate
the principle of IFM using the optical scheme in ref [6]. The
polarization rotator can rotate the photon polarization by
θ = pi
2N
in each cycle. And the polarizing beam splitter can
separate the photon to up or down path if the photon is hor-
izontal polarized H or vertical polarized V . So the polariza-
tions of the photon label the up state |1〉 and the down state
|2〉 in Eq. (1) respectively. In addition, the object is mimicked
by a mirror followed by a photon detector. The mirror can
transform the down state |2〉 to the loss state |3〉. And the
photon detector implements the projective measurement on
the two {|1〉 , |2〉} and {|3〉} subspaces. After N interrogation
cycles, we can judge whether there is an object in the down
path with the final polarization state of the photon, without
any photon absorption.
First, the number of interrogation cycle N has to be fi-
nite; it is also impossible to make the rotation angle ar-
bitrarily small.
Second, the absorption of photon by object may not
be perfect, as assumed in Eq. (3). In general, we should
consider the absorption probability to be less than unity,
i.e.,
UI |2〉 = a |2〉+
√
1− a2 |3〉 , (9)
where a2 characterizes the transparency of the object.
Here a is assumed to be an non-negative real number for
simplicity.
In this scenario, we can substitute a beam splitter,
whose transparency is a2, for the mirror in Fig. 1 to
mimic the corresponding semitransparent object. This
treatment is similar to [19], and other works [11, 20] gave
different but equivalent treatments.
C. Related works
Previous work has shown that the successful rate of
IFM decreases if the object is semitransparent, compared
with the opaque case [19, 21, 22]. The performance can
3be improved by increasing the interrogation cycle number
N and the object can also be detected perfectly without
any photon absorption when N →∞ [23, 24].
In the literature [19, 21, 23, 24], the initial input state
is usually taken as a pure state, namely |1〉. In the pres-
ence of an object, the successful probability
Psuccess = | 〈1| OˆIFM |1〉 |2 , (10)
is used to characterize the performance of the IFM pro-
cess. Here OˆIFM is a linear operator, but not necessarily
unitary due to the possibility of photon loss. The value
of Psuc specifies the probability that one can receive a |1〉
photon after sending a |1〉 photon at the beginning, in the
presence of an object. In this case, one can confirm the
presence of an object without photon being absorbed.
To the best of our knowledge, there is no work aiming
to optimize the IFM process through a search of optimal
input states of the photon. In particular, the possibility
of using quantum correlation to enhance the ability of
channel discrimination have been achieved in the context
of quantum illumination [25], and here we also study the
possibility of this kind of enhancement in IFM process.
D. Main results
In this work, we provide analytic solutions to a gen-
eralized IFM model. To be specific, we focus on two
main quantities to benchmark the performance of IFM,
namely (i) the loss probability Ploss and (ii) the error
probability Perror, which respectively describe the pho-
ton loss rate and the minimum error of discriminating
the object. Specifically, the minimum values of these two
probabilities are investigated analytically, for any given
values of the object transparency a2 and the interroga-
tion number N .
Our main results are summarized as follows:
For unentangled input states:
• There exists a unique quantum state |ϕ0〉 mini-
mizing Ploss, for any finite N , which approaches 0
asymptotically as N →∞.
• There are two states |ϕ±〉 that leads to Perror = 0,
i.e. perfect discrimination, as long as the following
inequality is fulfilled,
1 + a
1− a sin
( π
2N
)
≤ 1. (11)
• The photon loss rate of |ϕ+〉 is smaller than that
of |ϕ−〉, i.e., (Ploss)|ϕ+〉 < (Ploss)|ϕ−〉, which means
|ϕ+〉 is better than |ϕ−〉 in term of Ploss.
• ForN →∞, both |ϕ0〉 and |ϕ+〉 approach the same
state |1〉, where both (Ploss)|ϕ0〉, (Ploss)|ϕ+〉 share
similar asymptotic behavior O(1/N).
In addition, we studied how quantum correlation of
input states can facilitate the IFM process by utilizing
entangled photons in the setting of quantum illumination
[25]: send one photon in an entangled pair to the IFM
cycle but keep the other photon. At the end, a joint
POVM measurement is performed on both photons. We
found that
For entangled input states:
• The optimal state to reach the minimal Ploss is the
product state |ϕ0〉 |φ0〉, where |φ0〉 is any state of
the second photon.
• The two solutions |ϕ±〉 expand to a family of quan-
tum states in the larger Hilbert space. Specifically,
all members of the form,
α |ϕ+〉 |φ1〉+ β |ϕ−〉 |φ⊥1 〉, (12)
can be employed to achieve Perror = 0, where
|φ1〉, |φ⊥1 〉 are any two orthogonal states of the sec-
ond photon. However, the one with the minimal
Ploss in this family of states is the unentangled state
|ϕ+〉 |φ1〉.
In other words, entangled photons cannot minimize
Ploss, or Perror better than the case with unentangled
photons. Therefore, we conclude that entanglement can-
not improve the IFM process.
The rest of the paper is organized as follows. In Section
II, we construct a general model with the use of quan-
tum channel. In Section III, we simplify the quantum
channels for pure input state. In Section IV, V, we study
the case with opaque object and semitransparent object
respectively. We conclude in Section VI.
II. THE GENERAL MODEL
In this section, we present a general model of
interaction-free measurement, taking into account of a
semitransparent object and a finite number of interroga-
tion cycle. In addition, we shall consider sending entan-
gled photons as the input state as well.
First of all, the IFM process can be described as
a quantum channel, which is sequentially-applied N
times on the input photon state, depending on the pres-
ence/absence of the object. Thus, detecting the object is
equivalent to a channel discrimination problem.
In both cases, a unitary rotation operator (see Eq. (2))
Rθ =

 cos θ − sin θ 0sin θ cos θ 0
0 0 1

 (13)
is applied for each step at first, where the matrix is wri-
iten in the |1〉 , |2〉 and |3〉 basis. It can be regarded as
the following channel,
Eθ(ρ) = Rθ ρR†θ, (14)
4where ρ is the density matrix of the input state.
If a generic semitransparent object is present, the par-
tial absorption effect can be represented by an effective
quantum channel EI (I is short for interaction) on the
photon state (see Appendix. A for detailed derivation):
EI(ρ) =
∑
i=0,1
AiρA
†
i , (15)
A0 =|1〉〈1|+ a|2〉〈2|+ |3〉〈3|,
A1 =
√
1− a2|3〉〈2|,
(16)
where A0 and A1 are the Kraus operators fulfilling∑
i=0,1A
†
iAi = I. A0 describes the process that the down
state |2〉 component partially decays to the loss state |3〉
component; A1 is for the increase of the population on
loss state, which indicates the photon loss probability.
It is necessary to clarify that EI is not just a mere com-
bination of the unitary UI and the projective measure-
mentM , since the population on loss state |3〉 component
will be absorbed by the detector and not participate in
the following cycle, indicating that the photon loss is an
irreversible process.
Then the channels that describe the whole interroga-
tion can be written down by cycling the above channels
for N times as below
ρ′ = [EI Eθ]N (ρ) = E ′(ρ), (17)
ρ′′ = [Eθ]N (ρ) = E ′′(ρ), (18)
where ρ′ is the output density matrix, if the object is
present; ρ′′ is the output density matrix for the object
absence case. The corresponding overall quantum chan-
nels are denoted by E ′ and E ′′ respectively.
Our main concerns in IFM are two probabilities: one
is the photon loss probability Ploss, which describes the
damage to the object. This concern is important if the
detected object is fragile, like electronic devices or bio-
logical matters. In fact, it is just the population accumu-
lating on the loss state |3〉 component after the full IFM
process,
Ploss = q 〈3|E ′(ρ)|3〉, (19)
where q is the probability for the presence of the object.
The other is the probability for making a error in the
detection. Given the object existing probability Pr(here),
the error happens when one give the wrong judgement
after the interrogation cycles (see Fig. 2), that is,
Perror =Pr(here) Pr(NO|here)
+ Pr(not here) Pr(YES|not here), (20)
where one gives the judgment NO in the presence of the
object or YES in the absence of the object.
q   here 1-q   not hereobject
photon lost not lost not lost
judgment
result
YES YES NO YES NO
m
ea
su
re
m
en
t
FIG. 2. Illustration for the error happening in IFM. At the
end of IFM, we implement POVM on the final output photon
state, and we will make error when giving the judgment NO
(YES) in the presence (absence) of the object. The final line
shows the result (right or wrong) of the judgment. And we
can find that if the photon is lost, one can definitely confirm
the presence of the object since the photon should not be lost
in the absence of the object. Hence we can give the right
judgment YES and make no error in this case.
To be specific, one sends a input photon state ρ, and
receives the output photon state E ′(ρ)/E ′′(ρ) depending
on the presence/absence of the object. Then one makes
the judgment by implementing a two-value POVM mea-
surement {Π1,Π2} on the final output photon. Here
Π1,Π2 are positive operators fulfilling Π1 + Π2 = I.
Specifically, if obtaining the measurement result 1(2), one
makes the judgment that the object is here(not here).
Hence, the corresponding conditional probabilities in the
above equation become Pr(NO|here) = Tr[Π2E ′(ρ)] and
Pr(YES|not here) = Tr[Π1E ′′(ρ)]. And substitute them
into Eq. (21), we get
Perror = qTr[Π2E ′(ρ)] + (1− q)Tr[Π1E ′′(ρ)]. (21)
where the definition Pr(here) = q is used.
Following the minimum-error scheme [26, 27] in quan-
tum state discrimination, by choosing a proper POVM
measurement, the reachable minimal error shows the fol-
lowing form,
Perror =
1
2
[1− ‖qE ′(ρ)− (1 − q)E ′′(ρ)‖], (22)
where ||O|| = Tr(
√
O†O) denotes the trace norm of any
operator O. It indicates that the lager the trace norm
distance between the two output state E ′(ρ)/E ′′(ρ) nor-
malized by the corresponding probabilities q/1 − q, the
smaller the error is.
One may argue that in each cycle the photon detector
may click (bomb exploding in [3]), then the presence of
the object can be confirmed at the middle of the whole
process, thus it is not necessary to finish the following in-
terrogation and discriminate the state at the end. How-
ever, in fact, they are equivalent; as will be showed ex-
plicitly in Eq. (33), the loss probability of every cycle that
5accumulates on the loss state |3〉 component can be ex-
cluded from the Perror, just because we can always make
no error and confirm there is an object if the photon is
lost (see Fig. 2).
The main focus of our IFM study is to find the mini-
mums of these two probabilities Ploss and Perror, and the
initial input photon states to reach them. Fortunately,
with the following theorem, we can reduce the range of
the input state from any density matrix ρ, say mixed or
pure, to just pure state |ϕ〉 in the Hilbert space of the
photon.
Theorem 1. The minimums of the loss probability Ploss
and the error probability Perror can be both reached by the
pure state.
Proof. Due to the linearity of the quantum channel, we
have
Ploss = q〈3|E ′(ρ)|3〉,
= q〈3|E ′(
∑
i
piϕi)|3〉,
= q〈3|
∑
i
piE ′(ϕi)|3〉,
=
∑
i
piq〈3|E ′(ϕi)|3〉,
=
∑
i
piP
i
loss,
(23)
where ϕi represents the density matrix of the pure state
|ϕi〉, P iloss is the corresponding loss probability for it, and∑
i piϕi is any convex decomposition of the input state
ρ.
Eq. (23) shows that the loss probability Ploss of the
mixed state ρ equals to the weighted average of P iloss of
the corresponding pure state. Thus there is at least one
pure state ϕi whose loss probability P
i
loss ≤ Ploss.
Moreover, combining the convex property of the trace
norm, we also have
Perror =
1
2
[1− ‖qE ′(ρ)− (1 − q)E ′′(ρ)‖],
=
1
2
[1− ‖qE ′(
∑
i
piϕi)− (1 − q)E ′′(
∑
i
piϕi)‖],
=
1
2
{1− ‖
∑
i
pi[qE ′(ϕi)− (1− q)E ′′(ϕi)]‖},
≥
∑
i
pi{1
2
[1− ‖qE ′(ϕi)− (1− q)E ′′(ϕi)‖]},
=
∑
i
piP
i
error.
(24)
Still one can always find the specific pure state in the
decomposition, whose P ierror ≤ Perror. As a consequence,
we can study the minimums of the two important prob-
abilities just investigating the pure state in the Hilbert
space.
IFM process
A
A
B
Aρ
ABρ
IFM process
Quantum correla on
Measurement
Measurement
FIG. 3. The single photon and entangled photon input IFM
Quantum correlations [28] like entanglement, discord
are essential resources for quantum communication and
computation [29], and also for quantum metrology [30,
31]. The efficiency of many tasks can be enhanced uti-
lizing quantum correlation resources, e.g. quantum illu-
mination [25] etc. So here we also want to study the
effect of quantum correlation to IFM and investigate
whether quantum correlation can enhance the perfor-
mance of IFM or not.
The new setup (Fig. 3), employing bipartite photon in-
put state, is like this: The task of the photon A is still to
detect the object as in traditional IFM (Fig. 1) and the
photon B remains unchanged in the whole process. How-
ever, there may be some quantum correlations between
photon A and photon B. Because quantum channels on
photon A are also quantum channels on combined system
A and B, Th. 1 can also be applied to this input case and
we just need to consider the pure state in this barpartite
scenario. That is to say, the quantum correlation be-
tween photon A and B is just entanglement. Therefore
this input case is dubbed as the entangled photon input
IFM.
Further more, we will give another theorem below,
which describes the relation between the single photon
input case and the bipartite photon input case about the
two important probabilities Ploss and Perror.
Theorem 2. Generally, bipartite photon input case is
the same as single photon input case considering Ploss,
but not worse than single photon input case considering
Perror, that is,
Ploss(ρAB) = Ploss(ρA) (25)
Perror(ρAB) ≤ Perror(ρA) (26)
where ρAB is the bipartite input state and ρA =
TrB(ρAB).
Proof. For Ploss, by the definition in Eq. (19), Eq. (25)
shows
〈3|TrB[E ′(ρAB)]|3〉 = 〈3|E ′(ρA)|3〉, (27)
which is right since partial trace operation on system B
and the quantum channel on system A commute with
6each other. It means that any bipartite input state ρAB
behaves the same as its corresponding marginal state ρA
considering Ploss.
For Perror, using the definition in Eq. (22), Eq. (26) is
equivalent to
‖qE ′(ρAB)−(1−q)E ′′(ρAB)‖ ≥ ‖qE ′(ρA)−(1−q)E ′′(ρA)‖.
(28)
It is also right because partial trace operation on B is
certainly a trace-preserving operation that is contractive
under the measure of trace distance (see [29] and Ap-
pendix. B), i.e.,
‖qE ′(ρAB)− (1− q)E(ρAB)‖
≥ ‖qT rB[E ′(ρAB)]− (1− q)TrB[E(ρAB)]‖
= ‖qE ′(ρA)− (1 − q)E(ρA)‖
where the last line is due to partial trace on system B
commuting with the quantum channel on system A.
III. SIMPLIFY THE QUANTUM CHANNEL
FOR PURE STATE
Owing to Th. 1, we just need to focus on the pure
input state scenario and the quantum channels defined
in Sec. II can be simplified when the input state is pure.
First, the input photon state is set as the general form
|ϕ〉 = α|1〉 + β|2〉. Then, for the presence of the object
scenario, since the IFM process halts in the probability
subspace where the photon decays to the loss state |3〉,
we just need to monitor the probability subspace where
the photon is not absorbed; and the corresponding un-
normalized state (due to absorption process) is denoted
as |ϕ′〉. Therefore the final photon state with the ob-
ject existing is the combination of |ϕ′〉〈ϕ′| (not absorbed
part) and (1− 〈ϕ′|ϕ′〉)|3〉〈3| (absorbed part), i.e.,
ρ′ = |ϕ′〉 〈ϕ′|+ (1− 〈ϕ′|ϕ′〉)|3〉〈3| . (29)
And for the absence of the object scenario, the final out-
put photon state is denoted by |ϕ′′〉.
Then the quantum channels can be replaced by the
corresponding transforming matrices for pure state in the
|1〉, |2〉 basis as
[(
1 0
0 a
)(
cos θ − sin θ
sin θ cos θ
)]N
|ϕ〉 = |ϕ′〉, (30)
[(
cos θ − sin θ
sin θ cos θ
)]N
|ϕ〉 =
(
0 −1
1 0
)
|ϕ〉 = |ϕ′′〉. (31)
Here, Eqs. (30), (31) give the relations between |ϕ〉 =
α|1〉 + β|2〉 and |ϕ′〉, |ϕ′′〉. Eq. (31) is just the unitary
transformation generated by the rotation operation Rθ
(Eq. (13)) on the photon state in each cycle and we obtain
the final state by iterating it for N times. Eq. (30) is
not a unitary, describing the decaying of photon to the
loss state due to absorption. The state first undergoes
the rotation operation, and then the matrix accounting
for decay generated by the Kraus operator A0 in Eq. (16)
operates on it; and the final photon state is also obtained
by iterating this process. Actually, 〈ϕ′|ϕ′〉 is just the
conditional probability that the photon is not absorbed
conditioning on the object present.
Then Ploss and Perror can be written in the new form
for pure input state as
Ploss = q 〈3|ρ′|3〉,
= q 〈3||ϕ′〉〈ϕ′|+ (1 − 〈ϕ′|ϕ′〉)|3〉〈3||3〉,
= q (1− 〈ϕ′|ϕ′〉),
(32)
where the last equality is due to the state |ϕ′〉 living on
the subspace expanded by |1〉, |2〉 basis and having no
component on |3〉.
Perror =
1
2
{1− ‖qρ′ − (1 − q)|ϕ′′〉〈ϕ′′|‖},
=
1
2
{1− ‖q[|ϕ′〉〈ϕ′|+ (1− 〈ϕ′|ϕ′〉)|3〉〈3|]− (1− q)|ϕ′′〉〈ϕ′′|‖},
=
1
2
{1− ‖q|ϕ′〉〈ϕ′|+ Ploss|3〉〈3|]− (1 − q)|ϕ′′〉〈ϕ′′|‖},
=
1
2
{1− Ploss − ‖q|ϕ′〉〈ϕ′| − (1− q)|ϕ′′〉〈ϕ′′|‖}.
(33)
Here the definition of Ploss in Eq. (32) is employed in
the third line; and in the last line, Ploss|3〉〈3| term is ex-
tracted from the trace norm since |ϕ′〉 , |ϕ′′〉 are both in
the space spanned by |1〉, |2〉. To be specific, it describes
the fact that we will make no error and can always con-
firm there is an object if the photon is absorbed by it.
The general form of the entangled photon input state
is |ϕe〉 = α|1〉|φ1〉 + β|2〉|φ2〉, where |φ1〉, |φ2〉 are any
pure states of the photon B part. It is not hard to find
that the transforming matrices Eqs. (30), (31) and the
Ploss, Perror expressions Eqs. (32), (33) are also suitable
for the entangled photon input case because the trans-
fer matrices play the same role as quantum channels for
the photon A part. In the rest of our article, the single
photon and entangled photon input state we consider are
|ϕs〉 = α|1〉 + β|2〉 and |ϕe〉 = α|1〉|φ1〉 + β|2〉|φ2〉 type
respectively.
At the end of this section, we show another useful the-
orem below that describes the condition where the error
probability Perror can reach 0. In other words, we can
judge whether there is an object without any error.
Theorem 3. Perror equals to 0 for pure input state iff
〈ϕ′′|ϕ′〉 = 0.
Before we prove Th. 3, let us show a lemma below that
is useful to our proof.
Lemma 1. Given two pure quantum state, |ψ1〉, |ψ2〉
and a positive real number p, the following relation hold,
‖p|ψ1〉〈ψ1| − |ψ2〉〈ψ2|‖ =
√
(p+ 1)2 − 4p|〈ψ1|ψ2〉|2.
(34)
7And we leave the proof of Lemma. 1 in the Appendix. 4
for conciseness. Now we begin to prove Th. 3.
Proof. With the definition in Eq. (33), Perror being
Perror =
1
2
{1− Ploss − ‖q|ϕ′〉〈ϕ′| − (1− q)|ϕ′′〉〈ϕ′′|‖},
=
1
2
{q〈ϕ′|ϕ′〉+ 1− q − ‖q|ϕ′〉〈ϕ′| − (1− q)|ϕ′′〉〈ϕ′′|‖},
=
1
2
{q〈ϕ′|ϕ′〉+ 1− q
− (1− q)‖q 〈ϕ
′|ϕ′〉
1− q
|ϕ′〉〈ϕ′|
〈ϕ′|ϕ′〉 − |ϕ
′′〉〈ϕ′′|‖},
=
1
2
{q〈ϕ′|ϕ′〉+ 1− q
−
√
(q〈ϕ′|ϕ′〉+ 1− q)2 − 4q(1− q)|〈ϕ′′|ϕ′〉|2},
(35)
where in the second line we apply the definition of Ploss
in Eq. (32); and in the last line we employ Lemma. 1,
by substituting
|ϕ′〉√
〈ϕ′|ϕ′〉
, |ϕ′′〉 for |ψ1〉, |ψ2〉, and q〈ϕ
′|ϕ′〉
1−q
for p. Then, let us observe the last line in Eq. (35): the
second part in the square root, i.e., 4q(1 − q)|〈ϕ′′|ϕ′〉|2,
is non-negative, so it is not hard to find that Perror can
reach 0 iff 〈ϕ′′|ϕ′〉 = 0.
IV. OPAQUE OBJECT CASE
We study IFM of opaque object with finite interro-
gation cycle N in this section. Our task is to use the
model simplified in Sec. III to find the minimal values
of the two important probabilities Ploss and Perror, and
the corresponding states to reach them. When the object
is opaque, i.e., a = 0, Eq. (30) shows:
(
cosN θ − sin θ cosN−1 θ
0 0
)
|ϕ〉 = |ϕ′〉. (36)
A. Ploss and Perror study with single photon input
state
First, let us focus on the loss probability Ploss. Set-
ting the input state as |ϕ〉 = α|1〉 + β|2〉 and using
Eqs. (36), (32), we can get
|ϕ′〉 = cosN−1 θ(α cos θ − β sin θ)|1〉, (37)
Ploss = q(1− | cosN−1 θ(α cos θ − β sin θ)|2),
≥ q(1− cos2(N−1) θ),
(38)
where the inequality in the second line of Eq. (38) is due
to the fact that the absolute value of the inner product for
the two vectors (cos θ,− sin θ)T and (α, β)T is not larger
than 1. And it is not hard to find that the minimum
can be reached by the state |ϕa〉 = cos θ|1〉 − sin θ|2〉,
with the global phase neglected (since the global phase
actually makes no difference to the state in the IFM pro-
cess, we always neglect it without announcement in the
following).
Then we study the error probability Perror. And we
calculate the value of 〈ϕ′′|ϕ′〉 and check whether there
are input states can fulfill the condition stated in Th. 3
and let Perror reach 0. With the help of Eq. (31) and
Eq. (37), we have
|ϕ′′〉 = −β|1〉+ α|2〉, (39)
〈ϕ′′|ϕ′〉 = −β∗ cosN−1 θ(α cos θ − β sin θ). (40)
It is not difficult to find that there are two states can
make 〈ϕ′′|ϕ′〉 = 0. The first one is |ϕb〉 = |1〉, and the
second one is |ϕc〉 = sin θ|1〉 + cos θ|2〉. That is, we can
both realize zero error in IFM with these two states.
Thus, it is necessary to compare the loss probability
Ploss of |ϕb〉, |ϕc〉. And the Ploss of the two states are
q(1 − cos2N θ) and q respectively, by the definition of
Eq. (32). It indicates that the first state is better than
the second one considering Ploss, since when N is large
enough,
q(1− cos2N θ) ≃ q π
2
4N
≪ q. (41)
And note that the Ploss of |ϕb〉 will approaches 0, as N →
∞ [4, 6]. For the second state |ϕc〉, the photon is always
lost if the object is there; it is the reason why |ϕc〉 can
detect the object without any error. But it is useless
in our problem since it violates the principle of IFM, i.e.,
detecting the object with as small as possible photon loss
probability.
B. Ploss and Perror study with entangled photon
input state
Here we want to study the power of quantum cor-
relation for IFM in the opaque object case. So we
set the initial input state as the general form |ϕ〉 =
α|1〉|φ1〉+ β|2〉|φ2〉 , where |φ1〉, |φ2〉 are any pure states
of the photon B part and α, β are non-negative real num-
bers (one can always remove the phase information in α,
β to the states |φ1〉, |φ2〉 of the photon B part to obtain
this form).
As mentioned earlier, the equations utilized in the sin-
gle photon input case can also be used in this entangled
photon input case. And we should do the transforming
matrix operations on the photon A part and evaluate the
two probabilities Ploss and Perror in the same way as in
IV A.
We first study the loss probability Ploss. Using
Eq. (36), we have
|ϕ′〉 = cosN−1 θ|1〉(α cos θ|φ1〉 − β sin θ|φ2〉), (42)
8and with the help of Eq. (32), the loss probability shows
Ploss = q[1− | cosN−1 θ(α cos θ|φ1〉 − β sin θ|φ2〉)|2],
≥ q[1− cos2(N−1) θ(α cos θ + β sin θ)2],
≥ q[1− cos2(N−1) θ].
(43)
Here the first inequality is saturated when |φ1〉 = −|φ2〉,
and the second inequality is saturated when α = cos θ
and β = sin θ . Thus, the minimum of Ploss can be
reached by the state |ϕ∗a〉 = (cos θ|1〉−sin θ|2〉)|φ1〉, where
we use the superscript ∗ label the bipartite state. Espe-
cially, it is a product state, which is equivalent to the
state |ϕa〉 in the single photon input case after neglect-
ing the photon B part.
Next, we study the error probability Perror in this en-
tangled photon input case. With Eq. (37), we can obtain
the output state in the absence of the object as
|ϕ′′〉 = α|2〉|φ1〉 − β|1〉|φ2〉, (44)
and applying Eq. (42), the value of 〈ϕ′′|ϕ′〉 shows the
following form
〈ϕ′′|ϕ′〉 = (−αβ cos θ〈φ2|φ1〉+ β2 sin θ) cosN−1 θ. (45)
From Eq. (45), we can get a family of the solutions for
〈ϕ′′|ϕ′〉 = 0 which satisfies
β sin θ
α cos θ
= 〈φ2|φ1〉. (46)
The two solutions in the single photon input case are both
included in Eq. (46). They are the states |ϕ∗b 〉 = |1〉|φ1〉
and |ϕ∗c〉 = (sin θ|1〉 + cos θ|2〉)|φ1〉. Now we shall check
which one is the best state in this family considering Ploss.
Using Eqs. (32), (46), we get
Ploss = q[1− cos θ2(N−1)(α2 cos2 θ − β2 sin2 θ)]. (47)
It is clear that |ϕ∗b 〉 = |1〉|φ1〉 reaches the minimum q(1−
cos2N θ) in this family, which is equivalent to |ϕb〉 in the
single photon input case.
From IV A, IV B, we conclude that the entangled
photon input state makes no enhancement to the opti-
mization for the two important probabilities Ploss and
Perror respectively, compared with single photon input
state, and the states which reach the minimums are the
same in some sense in these two cases. In addition, the
state |1〉 is the optimal state which can make Ploss and
Perror both reach zero when N →∞.
V. SEMITRANSPARENT OBJECT CASE
In this section, we go further for the general case. In
practical application of IFM, the object is always semi-
transparent, i.e., partially absorbing the photon. Thus,
we will study the minimal Ploss and Perror, and the states
to reach them also in this semitranparent object case, just
like in the opaque object case. In addition, the effect of
quantum entanglement is also investigated.
A. simplify the transforming matrix
The major difficulty to study the general case is to
simplify the transforming matrix in Eq. (30). First we
can represent the matrix in one interrogation cycle with
Pauli matrices as
C0 =
(
1 0
0 a
)(
cos θ − sin θ
sin θ cos θ
)
,
=
(1 − a) cos θ
2
σz − i(1 + a) sin θ
2
σy − (1− a) sin θ
2
σx
+
(1 + a) cos θ
2
I.
(48)
Then we changes the basis by applying a unitary trans-
formation U = e−i
σy
2
θ and obtain
C1 =UC0U
†,
=
(1− a)
2
σz − i(1 + a) sin θ
2
σy +
(1 + a) cos θ
2
I,
=
(1− a)
2
(σz − ik1σy + k2I),
(49)
where we use
k1 =
(1 + a) sin θ
1− a ,
k2 =
(1 + a) cos θ
1− a ,
(50)
for simplicity, and they are both positive numbers. Be-
cause we sample all the states in the Hilbert space, the
change of the basis or the unitary transformation does
not matter. Thus hereafter, we handle the semitranspar-
ent object scenario IFM in the new basis for simplicity.
And in the following, any matrix O should be changed
to UOU †; |ϕ〉 labels a specific vector coordinate in the
new basis for convenience and U † |ϕ〉 is the same state
but the coordinate value is obtained in the old basis.
The power N of the matrix C1, labeled by C, can be
calculated by expanding the binomial with the help of
the equality (σz − ik1σy)2 = 1 − k21 , which is the result
of the anti-commutation relation {σz , σy} = 0.
C =CN1 ,
=(
1− a
2
)N [(σz − ik1σy) + k2I)]N ,
=(
1− a
2
)N [
∑
k∈odd
(
N
k
)
(1− k21)
k−1
2 kN−k2 (σz − ik1σy)
+
∑
k∈even
(
N
k
)
(1 − k21)
k
2 kN−k2 I],
=(
1− a
2
)N [f1(σz − ik1σy) + f2I],
(51)
where we substitute f1 and f2 for the summations before
the operators (σz − ik1σy) and I respectively. In fact,
9f1 and f2 are related to the summations of the even and
odd terms in the corresponding binomial.
Thus, we define Σ1 and Σ2 as below, which are sum of
the odd and even terms of the corresponding binomial.
When k1 ≤ 1:

Σ1 =
(
√
1− k21 + k2)N − (−
√
1− k21 + k2)N
2
Σ2 =
(
√
1− k21 + k2)N + (−
√
1− k21 + k2)N
2
(52)
when k1 > 1:

Σ1 =
(i
√
k21 − 1 + k2)N − (−i
√
k21 − 1 + k2)N
2
Σ2 =
(i
√
k21 − 1 + k2)N + (−i
√
k21 − 1 + k2)N
2
(53)
Then we can obtain the expressions for f1 and f2 in
Eq. (51) with Σ1 and Σ2, when k1 ≤ 1:

f1 =
Σ1√
1− k21
f2 = Σ2
(54)
when k1 > 1: 

f1 =
Σ1
i
√
k21 − 1
f2 = Σ2
(55)
The insight of the above result is that the eigenstates
of C1 and C should be the same and the eigenvalues
from C are just the power N of the ones from C1 .
So the structures of Eq. (49), (51) are also the same,
linear combination of (σz − ik1σy) and I. Especially,
(σz− ik1σy) determines the eigenstates and the eigenval-
ues of it are ±
√
1− k21 . That’s why we have the formulas
like Eq. (52), (53), (54), (55) . Clearly, f1 and f2 are
functions of a and θ and we will show that they are both
real positive number in the following theorem.
Theorem 4. f1 and f2 are both real positive numbers no
matter what value k1 is.
Proof. When k1 ≤ 1, Σ1 and Σ2 are the sum of odd
and even terms of (
√
1− k21 + k2)N respectively. It
is obvious that f1 and f2 are both real positive num-
bers. When k1 > 1, Σ1 and Σ2 are the imaginary and
real part of (i
√
k21 − 1 + k2)N . We just need to check
which quadrant this complex number locates in. Because√
k2
1
−1
k2
≤ k1k2 = tan θ and Nθ = pi2 , we know it locates in
the first quadrant. Then f1 and f2 are also real positive
numbers in this case by the definition Eq. (55).
B. Ploss study with single photon and entangled
photon input state
With the knowledge of V A, now we can get the photon
loss probability Ploss in the new basis by the definition
Eq. (32) as
Ploss = q(1 − 〈ϕ′|ϕ′〉),
= q(1 − 〈ϕ|C†C|ϕ〉),
= q[1− TrAB(C†C|ϕ〉〈ϕ|)],
= q[1− TrA(C†CρA)],
(56)
where in the final line we trace out the photon B part
since the transforming matrix C just operates on the pho-
ton A. Eq. (56) reminds us that the entangled photon
input state |ϕAB〉 behaves the same as TrB(ϕAB) = ρA
for Ploss, as showed in Th. 2. Especially, if one reaches
the minimum of Ploss with the single photon input state
|ϕA〉, one can surely find any pure state like |ϕA〉|φB〉 to
reach the same minimal value. Hence we just need to
study Ploss in the single photon input case.
Thus 〈ϕ|C†C|ϕ〉 in Eq. (56) should be maximized only
for single photon input state, and C†C can be expanded
as
C†C = (
1 − a
2
)2N [f21 (1 + k
2
1) + f
2
2 ]I + 2f1(f2σz − f1k1σx).
(57)
It is the same as to find the larger eigenvalue for a single
spin Hamiltonian. Thus, no matter what the value of k1
is, it is not hard to obtain the minimal Ploss being
(Ploss)min = q[1− (1 − a
2
)2N (f1 +
√
f22 + f
2
1k
2
1)
2].
(58)
Utilizing Eq. (58), the relation between the normalized
photon loss rate (Ploss/q)min and the interrogation cycle
N for different transparency a2 is exhibited in Fig. 4.
It shows that when N is large enough, (Ploss/q)min de-
creases with the increasing of N no matter what value
a is. Generally speaking, (Ploss/q)min of small a is al-
ways less than that of large a for a fixed large enough N .
However, (Ploss/q)min can increase and then decrease for
large enough a with the increasing of N . Via numer-
ical analysis, we find that the maximum of the curve
for a given large a can be obtained at N ′, which is
slightly larger than the one determined by the equation
k1 =
1+a
1−a sin
(
pi
2N
)
= 1, as showed in Fig. 6.
The state reaching the minimum of Ploss, named |ϕ0〉,
is just the eigenstate of C†C with larger eigenvalue.
|ϕ0〉〈ϕ0| is on the xz plane of the Bloch sphere with the
angle between state the |ϕ0〉〈ϕ0| and the z direction is
θ1 = arctan
(
f1k1
f2
)
(see Fig. 5). The corresponding vec-
tor U †|ϕ0〉 is the one which reach the minimal Ploss in
the old basis. And it is not hard to find U †|ϕ0〉 = |ϕa〉
when the transparency a2 = 0, i.e., opaque object case.
C. Perror study with single photon and entangled
photon input state
Here, we derive the error probability Perror of IFM in
both single photon and entangled photon input scenarios.
10
20 40 60 80 100
0.1
0.2
0.3
0.4
0.5 a 0
a 0.1
a 0.3
a 0.5
a 0.6
a 0.7
a 0.8
a 0.9
/lossP q
N
FIG. 4. (Ploss/q)min vs the interrogation cycle N for different
transparency a2
For convenience, we label the unitary transformation
in Eq. (31) by D, as the object is absent.
D =
(
0 −1
1 0
)
= −iσy. (59)
In Th. 3, we have showed that Perror can reach 0 iff
〈ϕ′′|ϕ′〉 = 0, no matter which type the input state is. By
definition, we get 〈ϕ′′|ϕ′〉 in the new basis as
〈ϕ′′|ϕ′〉 =〈ϕ|UD†U †C|ϕ〉,
=〈ϕ|D†C|ϕ〉,
=TrAB(D
†C|ϕ〉〈ϕ|),
=TrA(D
†CρA).
(60)
In the second line, we use the fact that U commutes with
D†; The third line is due to the fact that D† and C only
operate on the photon A part. From the definition of D
and C, we have D†C being
D†C =
(
1− a
2
)N
[f1k1I + (if2σy − f1σx)]. (61)
In the meantime, ρA has the following Bloch sphere rep-
resentation,
ρA =
1
2
(I + ~r · ~σ). (62)
Then Eq. (60) becomes 〈ϕ′′|ϕ′〉 = (1−a2 )N (f1k1 − f1rx +
if2ry) with the fact that the trace of pauli matrix is 0.
In order to make Perror = 0, we should let rx = k1 and
ry = 0.
When k1 ≤ 1, there are two pure state solutions ρA =
|ϕ±〉〈ϕ±| = 12 (I + k1σx ±
√
1− k21σz) of photon A. The
angle between each pure solution |ϕ±〉〈ϕ±| and the z axis
is θ2 = arctan
(
k1√
1−k2
1
)
on the Bloch sphere (see Fig. 5).
And it is straightforward to see that any convex mixing of
the two pure solutions can also lead to TrA(D
†CρA) =
0. Therefore, in the bipartite scenario, the solution to
Perror = 0 is α |ϕ+〉 |φ1〉+ β |ϕ−〉 |φ⊥1 〉, where
〈
φ⊥1
∣∣φ1〉 =
0 and α, β are two arbitrary state coefficients. Like in
Z
X
1θ
2θ
O
FIG. 5. The positions of the states on Bloch sphere which
reach the minimal Ploss and Perror in the new basis. The red
vector represents the state |ϕ0〉〈ϕ0| which reaches the minimal
Ploss. The two blue vectors represent |ϕ±〉〈ϕ±|. Any mixed
state on the green line which is the connection between the
end of the two blue vectors can satisfy TrA(D
†CρA) = 0.
The yellow vector represents one of these mixed states and
its purification is a entangled photon input state α |ϕ+〉 |φ1〉+
β |ϕ−〉 |φ
⊥
1 〉 , which makes Perror = 0.
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N
FIG. 6. Red curve: transparency a vs interrogation cycle
N determined by k1 =
1+a
1−a
sin
(
pi
2N
)
= 1. Shadow purple
region indicates the parameter domain where we can reach
Perror = 0.
a = 0 case, we have a family of best states which reach
Perror = 0 in the entangled photon input scenario.
Furthermore, we aim to find the solution that minimize
the photon loss rate Ploss given in Eq. (56) in this family.
Combining the solution to Perror = 0, we can show that
the optimal state in this family is |ϕ+〉〈ϕ+| = 12 (I +
k1σx +
√
1− k21σz) with the minimal Ploss value being
(Ploss)|ϕ+〉 = q[1− (
1 − a
2
)2N (f1
√
1− k21 + f2)2]. (63)
which means entangled photon input state does no good
to Perror in this k1 regime.
When k1 > 1, there is no solution to 〈ϕ′′|ϕ′〉 = 0 or
equivalently Perror = 0. Nevertheless, we can still analyze
the nonzero minimum of Perror. Using Eqs. (35), (56)
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and (60), we have the general expression of Perror being
Perror =
1
2
{qT r[C†CρA] + (1− q)
−
√
(qT r[C†CρA] + 1− q)2 − 4q(1− q)|Tr[D†CρA]|2},
(64)
which is suitable no matter what value k1 is. It indicates
that |ϕAB〉 appears in the form TrB(ϕAB) = ρA for Perror
in all k1 regime. It is crucial to emphasize that the ex-
pression for Perror of Eq. (64) is suitable for any pure
states, single photon or entangled photon input, but not
for mixed state ρA, because our pure state prerequisite.
Moreover, we find the entangled photon input state can
not enhance the performance on Perror for any values of
k1, compared with the single photon input state, i.e., the
minimum of Eq. (64) should be reached by pure state
ρA = |ϕA〉 〈ϕA|. The detailed discussion about the ef-
fect of the quantum correlation to Perror is arranged in
Appendix. D.
D. N →∞ behavior
In the above subsections, we have systematically anal-
ysed the general IFM model of the semitransparent ob-
ject with finite interrogation cycle. Now, in this part, we
study the asymptotic behavior of the relevant quantities
when the interrogation cycle N → ∞. The behavior of
the minimal values for Ploss, Perror and the initial input
states which can reach the minimums are investigated in
the N →∞ condition.
When the interrogation cycle N → ∞, k1 =
1+a
1−a sin
(
pi
2N
) → 0 < 1 for any fixed a. Therefore we
always have the state |ϕ+〉 to reach Perror = 0. First we
consider the asymptotic behavior of (Ploss)|ϕ+〉, described
by Eq. (63). With the help of Eqs. (52), (54) and the
definitions of k1, k2 (Eq. (50)), we have
(
1 − a
2
)2N (f1
√
1− k21 + f2)2,
=(
1 − a
2
)2N (Σ1 +Σ2)
2,
=[
1− a
2
(k2 +
√
1− k21)]2N ,
=[
(1 + a) cos θ +
√
(1− a)2 − (1 + a)2 sin2 θ
2
]2N ,
≃[1 − 1 + a
1− a
π2
8N2
+O(
1
N4
)]2N ,
≃1− 1 + a
1− a
π2
4N
+O(
1
N3
),
(65)
where we use the fact the cos θ = 1− θ22 +O(θ4), sin θ =
θ − O(θ3) and θ = pi2N . Then the asymptotic expression
of Eq. (63) is
(Ploss)
N→∞
|ϕ+〉
≃ q[ 1 + a
1− a
π2
4N
−O( 1
N3
)]. (66)
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FIG. 7. All the graphs are plotted at a = 0.5. (a) The
asymptotic behaviors of (Ploss)|ϕ+〉/q, (Ploss)min/q as N →
∞. The green line (Ploss)|ϕ+〉/q is always above the red line
(Ploss)min/q. The main term of the asymptotic expressions
in Eqs. (66), (67), i.e., 1+a
1−a
pi2
4N
, is also shown in the plot with
blue line. Inset: N ranges from 100 to 200. All the three terms
go to zero asymptotically when N →∞. (b) The asymptotic
behavior of θ1 and θ2. We use negative sign for θ1 because it
locates at the negative X axis side, as showed in Fig. 5.
Clearly, whatever the value of a is, (Ploss)|ϕ+〉 goes to 0
for sufficient large N .
Furthermore, we aim to consider the asymptotic be-
havior of Eq. (58), the minimum of Ploss. Utilizing
the similar approximation technique as for (Ploss)|ϕ+〉,
it shows
(Ploss)
N→∞
min ≃ q[
1 + a
1− a
π2
4N
−O( 1
N2
)]. (67)
And the detailed derivation is put in the Ap-
pendix. E. In addition, the asymptotic behavior of
(Ploss)|ϕ+〉/q, (Ploss)min/q have been plotted in Fig. 7.
When N →∞, θ1 and θ2, relating to the initial input
states |ϕ0〉, |ϕ+〉, both go to zero (see Fig. 7). And the
unitary U = e−i
σy
2
θ of changing basis goes to identity.
Hence, the corresponding vectors U †|ϕ0〉 which reaches
the (Ploss)min and U
†|ϕ+〉 which reaches the minimum
of Ploss but keeping Perror = 0 in the old basis , go to the
same vector (1, 0)T , i.e., |1〉 in our system. That is to
say, as N →∞, we can use |1〉 to realize Ploss = Perror =
0 asymptotically, perfect detecting the object without
photon loss even if the object is a semitransparent one.
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VI. CONCLUSION AND OUTLOOK
In conclusion, with the help of quantum channel the-
ory, we build the general model of quantum-Zeno-like
IFM, where the object to be detected is semitransparent
and the the number of interrogation cycle is finite. Two
important probabilities named Ploss and Perror are pro-
posed to describe the photon loss rate and the error of
discrimination in the IFM process. In order to find the
minimums of the Ploss and Perror and the corresponding
initial photon input states to reach them, we simplify
the iteration of the quantum channels to transfer matri-
ces operating on pure state. With this compact simpli-
fication, the minimum properties of Ploss and Perror can
be systemically studied. In addition, it shows that the
entangled photon input state can not enhance the perfor-
mance of IFM, considering Ploss and Perror respectively.
Furthermore, we should point out that Pf = Ploss +
Perror is a more significant criteria to evaluate IFM pro-
cess, because it describes all the possibilities where the
IFM process is a failure, including both the photon loss
(object damage) and the error making in the discrimina-
tion process. However, even for this criteria Pf , we can
also come to the conclusion that the quantum correla-
tion (entanglement in our problem) can not benefit IFM
process(see Appendix. D). In addition, the asymptotic
behaviors are also studied and we find that the state |1〉
in our system can perfectly detect the generic semitrans-
parent object without any object damage when N →∞.
Finally, our paper provides principal theoretic support
for the experimental research and practical realization of
IFM, like electron microscopy of biological substances or
detection of fragile nano-materials. Moreover, our theo-
retical approaches, borrowing from quantum information
theory, such as quantum channel theory, quantum state
discrimination etc, can be applied to other quantum fa-
cilitating scenarios and the analysis of whether quantum
correlation can benefit these specific processes or not is
intriguing.
Acknowledgement.—We acknowledge C. R. Yang and
X. Yuan for the insightful discussions. This work was
supported by the National Natural Science Foundation
of China Grants No. 11405093.
Appendix A: derivation of the quantum channel EI
of the generic semitransparent object
In the main part, the generic semitransparent object
is composed of a beam splitter and a photon detector.
The quantum channel EI will be built by combing the
operation of the beam splitter and the photon detector
in the following.
let us give the channel description of the photon detec-
tor first. The photon detector is modeled by a two-level
atom with the ground state |g〉 and the exited state |e〉
respectively. And the atom staying at |g〉 interacts with
the incident photon mode, denoted by |p〉. The atom
can absorb the photon, transform it to the vacuum state
|v〉 and become to the exited state |e〉 under the unitary
Udet; however, the unitary Udet does not change the state
|v, g〉, that is,
Udet |p, g〉 = |v, e〉 ,
Udet |v, g〉 = |v, g〉 . (A1)
Then the atom should be measured in the |g〉 , |e〉 basis
and reset to |g〉. In fact, we does not need to care about
the operation of Udet on the other two states, say, |p, e〉
and |v, e〉, since the atom always stays at the ground state
|g〉 before the interaction.
Hence, the overall operation on the photon state is:
ρout =
∑
i=g,e
〈i|Udet(ρin ⊗ |g〉 〈g|)U †det |i〉 ,
=
∑
i=g,e
〈i|Udet |g〉ρin 〈g|U †det |i〉 ,
(A2)
where ρin and ρout are the input and output photon state.
Following the standard quantum channel construction
method [29], the quantum operation in Eq. (A2) can be
written down with the Kraus representation as:
ρout =
∑
i=0,1
KiρinK
†
i ,
K0 = 〈g|Udet |g〉 = |v〉 〈v| ,
K1 = 〈e|Udet |g〉 = |v〉 〈p| .
(A3)
whereK0, K1 are the corresponding Kraus operators and
we obtain the expressions of them using Eq. (A1).
For the scenario in the main part, there are three pho-
ton modes, i.e., |1〉 , |2〉 , |3〉, except the vacuum one |v〉,
and only |3〉 can interact with the detector. So the chan-
nel should be slightly modified to
Edet(·) =
∑
i=0,1
Di(·)D†i ,
D0 = |1〉 〈1|+ |2〉 〈2|+ |v〉 〈v| ,
D1 = |v〉 〈3| .
(A4)
where D0, D1 are the corresponding Kraus operators.
On the other hand, the matrix representation of the
unitary for the beam splitter Ub in the |1〉 , |2〉 , |3〉 , |v〉
basis shows
Ub =


1 0 0 0
0 a −√1− a2 0
0
√
1− a2 a 0
0 0 0 1

 (A5)
Combing the two operations of the photon detector
Edet and the beam splitter Ub, we have the combined
channel being
Ecom(·) =
∑
i=0,1
DiUb(·)U †bD†i , (A6)
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and the corresponding Kraus operators Ci = DiUb show
C0 = |1〉 〈1|+ a |2〉 〈2| −
√
1− a2 |2〉 〈3|+ |v〉 〈v| ,
C1 =
√
1− a2 |v〉 〈2|+ a |v〉 〈3| .
(A7)
In fact, the component |3〉 is redundant as it is in-
troduced to illustrate the intermediate process between
the beam splitter and the photon detector. Remember-
ing that the beam splitter and the photon detector as
a whole represent the semitransparent object, thus we
can treat them together as a black box and the photon
state in IFM equivalently lives in the three dimensional
space H12v = spanned{|1〉 , |2〉 , |v〉}. As a result, with-
out altering the function of the channel that represents
the semitransparent object, we can eliminate the terms
in the above Kraus operator (Eq. (A7)) that relate to the
component |3〉 and get
A0 = |1〉 〈1|+ a |2〉 〈2|+ |v〉 〈v| ,
A1 =
√
1− a2 |v〉 〈2| ,
(A8)
where we use A0 and A1 to denote the new Kraus oper-
ators.
Further more, actually, we can substitute the loss state
|3〉 for the vacuum state |v〉 in the above Kraus oper-
ators to obtain the effective channel in the main part
(Eq. (16)), since using which label to count the photon
loss probability is equivalent here. The physical insight
behind this is that the component |3〉 reflected by the
beam splitter should be absorbed totally by the photon
detector, i.e., dephased and transformed to the vacuum
state |v〉.
Appendix B: non-increasing of the generalized trace
distance under quantum operation
Here, we first give the definition of the generalized
trace distance as follows.
Definition 1. The generalized trace distance for the two
quantum state ρ1 and ρ2 shows,
Dq(ρ1, ρ2) = ‖qρ1 − (1− q)ρ2‖, (B1)
where ‖ · · · ‖ is the trace norm and 0 ≤ q ≤ 1 is the
corresponding probability factor.
Note that D1/2(ρ1, ρ2) is the original trace distance
[29]. Then we show the property of the generalized trace
distance in the following Theorem.
Theorem 5. suppose Λ(·) is a trace preserving quantum
operation, then it is contradictive for the generalized trace
distance, i.e.,
Dq(ρ1, ρ2) ≥ Dq(Λ(ρ1),Λ(ρ2)). (B2)
To prove Th. 5 conveniently, we show another
equivalent definition for the generalized trace distance
Dq(ρ1, ρ2).
Lemma 2.
Dq(ρ1, ρ2) = Trmax[(P1 − P0)M ], (B3)
where we use M = qρ1 − (1 − q)ρ2 for simplicity; and
the maximization is over all projector pairs P0, P1 that
satisfy P0 + P1 = I.
Proof. M is a hermit matrix by definition, thus we can
use unitary to diagonalize it to UMU †, and by separating
the eigenvalues to nonnegative and negative parts we can
obtain UMU † = Q′ − S′. As a result, we can represent
M as the subtraction of the two nonnegative matrices
M = U †(Q′ − S′)U = Q − S, and ||M || = ||Q − S|| =
Tr(Q) + Tr(S). Then for any projector pair P0, P1,
Tr[(P1 − P0)M ] = Tr[(P1 − P0)(Q − S)],
≤ Tr[P1Q+ P0S],
≤ Tr(Q) + Tr(S),
≤ ||M ||.
(B4)
We can choose P0 and P1 just the projectors on the two
orthogonal subspace where Q and S lives respectively,
then Tr[(Π1−Π0)M ] can reach ||M || in this way and we
finish the proof.
Then we prove Th. 5 with the help of Lemma. 2
Proof.
‖M‖ = Tr(Q) + Tr(S),
= Tr[Λ(Q) + Λ(S)],
≥ Tr[(P ′1 − P ′0)(Λ(Q)− Λ(S))],
= Tr[(P ′1 − P ′0)Λ(M)],
= ‖Λ(M)‖,
(B5)
where P ′0 and P
′
1 are the projector pair used to reach the
maixmal value ‖Λ(M)‖, referring to Lemma. 2. Then, by
substitutingM = qρ1−(1−q)ρ2, we finish the proof.
Appendix C: proof of Lemma. 1
Here, we give the proof of Lemma. 1 in the main part
that says
‖p|ψ1〉〈ψ1| − |ψ2〉〈ψ2|‖ =
√
(p+ 1)2 − 4p|〈ψ1|ψ2〉|2.
Proof. |ψ1〉〈ψ1| can be expressed as 12 (I+σz) in the basis
of itself. Since |ψ2〉〈ψ2| does not change if we change the
global phase of it, we have |ψ2〉 = cos γ2 |ψ1〉 + sin γ2 |ψ3〉
(0 ≤ γ ≤ π/2), where |ψ3〉 is the state orthogonal to |ψ1〉.
Then |ψ2〉〈ψ2| shows 12 (I + cos γσz + sin γσx). And the
trace norm ‖p|ψ1〉〈ψ1| − |ψ2〉〈ψ2|‖ = 12‖(p − 1)I + (p −
cos γ)σz−sin γσx‖. The two eigenvalues of (p−1)I+(p−
cos γ)σz − sin γσx are (p − 1) ±
√
(p− cos γ)2 + sin2 γ.
Hence ‖p|ψ1〉〈ψ1|− |ψ2〉〈ψ2|‖ =
√
(p− cos γ)2 + sin2 γ =√
(p+ 1)2 − 4p cos2 γ2 =
√
(p+ 1)2 − 4p|〈ψ1|ψ2〉|2
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Appendix D: The effect of quantum correlation for
IFM process considering Perror and Pf
In this appendix, we will give the detailed illustration
of the argument in the main part of our article that quan-
tum correlation can not benefit the IFM process consid-
ering Perror and Pf respectively.
For simplicity, we substitute for the terms in Eq. (64)
by:
λ1 = qT r[C
†CρA] + (1 − q),
λ2 = 2
√
q(1− q)|Tr[D†CρA]|.
(D1)
As a result, Eq. (64) becomes to a more concise form,
Perror =
1
2
(λ1 −
√
λ21 − λ22). (D2)
It is not difficult to see that Perror monotonically de-
creases with the increasing of λ1 due to the first order
partial derivative on λ1 being
∂Perror
∂λ1
=
1
2
(1− λ1√
λ21 − λ22
) ≤ 0. (D3)
In the meantime, it’s obvious that Perror decreases with
the decreasing of λ2. Consequently, increasing λ1 and
decreasing λ2 at the same time can minimize Perror.
Here, with the help of Eqs. (57), (61) and (62), we
present the expressions for Tr[C†CρA], Tr[D
†CρA] in
the definitions of λ1 and λ2 explicitly as
Tr[C†CρA] = (
1 − a
2
)2N [f21 (1 + k
2
1) + f
2
2 + 2f1(f2rz − f1k1rx)],
T r[D†CρA] = (
1 − a
2
)N [f1k1 − f1rx + if2ry].
(D4)
The above equations shows that for a fixed rx, we can
always increase λ1 and decrease λ2 (i.e., decrease Perror)
by changing ry = 0 and rz =
√
1− r2x. In other words,
the minimum of Perror should be reached by pure state
ρA = |ϕA〉 〈ϕA| of photon A part. Thus, entangled pho-
ton input state can not enhance the performance for
Perror in all k1 regime, compared with single photon input
state.
Moreover, we consider the effect of quantum corre-
lation to IFM process, with a more effective criteria
Pf = Ploss +Perror, which describing all the failure prob-
ability in IFM process. Owing to Th. 1, Pf also shows
the following concave property like Perror,
Pf ≥ piP if . (D5)
That is to say, the minimum of Pf should be reached by
the pure state and the quantum correlation here means
entanglement. With the help of Eqs. (56), (64) and (D1)
, we have Pf being
Pf = 1− 1
2
(λ1 +
√
λ21 − λ22). (D6)
Pf also decreases with the increasing of λ1 and decreasing
of λ2. Consequently, just like the aforementioned reason
for Perror, we can also argue that entanglement can not
enhance the performance of IFM considering Pf .
Appendix E: the derivation of Eq. (67)
Here, we give the derivation of (Ploss)
N→∞
min in Eq. (67),
which is the asymptotic behaviour of Eq. (58) as N → 0.
First, utilizing the same approximation technique used
in Eq. (65) in the main part, we get
(
1− a
2
)N (Σ2 − Σ1) = O(aN )→ 0,
(
1− a
2
)NΣ1 ≃ (1− a
2
)NΣ2 =
1
2
− 1 + a
1− a
π2
16N
+O(
1
N3
).
(E1)
Then, let us consider the asymptotic behavior of
Eq. (58), the minimum of Ploss. By applying
Eq. (52), (54) and the definitions of k1, k2 (Eq. (50)),
we have
(
1− a
2
)2N (f1 +
√
f22 + f
2
1k
2
1)
2,
≃(1− a
2
)2N (f1 + f2 +
f21
2f2
k21)
2,
=(
1− a
2
)2N (
Σ1√
1− k21
+Σ2 +
Σ21
2Σ2
k21
1− k21
)2,
≃(1− a
2
)2N [Σ1(1 +
k21
2
) + Σ2 +
Σ21
2Σ2
k21(1 + k
2
1)]
2,
≃(1− a
2
)2N [(Σ1 +Σ2) +
k21
2
Σ1(1 +
Σ1
Σ2
)]2,
≃[1− 1 + a
1− a
π2
8N
+ (
1 + a
1 − a)
2 π
2
8N2
+O(
1
N3
)]2,
≃1− 1 + a
1− a
π2
4N
+O(
1
N2
).
(E2)
where in the next-to-last row, we employ the equalities
in Eq. (E1). So the asymptotic expression of Eq. (58) is
(Ploss)
N→∞
min ≃ q[
1 + a
1− a
π2
4N
−O( 1
N2
)].
just as Eq. (67) describes in the main part.
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